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Fig. 1 Variation of natural frequencies with angle of
skew.

system. Figure 1d shows the variation of the frequencies of
of the first five modes for a/b = 4.

Tt is interesting to observe that, while the skew angle tends
to split the degeneracies of the modes of rectangular plates on
one hand, it does bring about other degeneracies between dif-
ferent modes at certain other values corresponding to the
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frequency crossings. That is to say, the frequency crossings
are degeneracies, since two different modes have the same
frequency. Further, one observes that the frequency cross-
ings are always between a pair of modes belonging to the
opposite groups, even and odd.
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Maximum Stress of a Stiffened
Circular Cylinder under Bending
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Nomenclature

cross-sectional area of the stringer, in.2

stringer spacing, in.

Young’s modulus of the skin, psi

distance from the neutral axis to the center of the cylinder,
in.

bending moment, lb.-in.

radius of the circular cylinder, in.

skin thickness, in.
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B = angle defined in Eq. (4), rad

o, = the true compressive stress at the crown, psi
G, = compressive stress defined in Eq. (1), psi

# = the circumferential coordinate, rad

Introduction

HE von Kdrmén equation® of the effective width of a skin

panel in uniaxial compression is often used to calculate
the bending moment applied on a stiffened shell section when
the maximum strain or stress at the crown of the compressed
part of the shell is known. KEven though the principle is
simple, the actual application is a time-consuming process,
because the effective width of the skin associated with a
stringer is inversely proportional to the square-root of the
local compressive stress and, as a consequence, the position of
the neutral axis varies with the magnitude of the applied
moment. For noncircular sections or circular section with
nonuniform stringer-spacing, a cut-and-try method seems
to be the only resort. Even in the simple case of circular
section with uniform spacing, tabulations of solutions are
not practical because the number of stringers has to be speci-
fied in each case before a functional relationship between the
bending moment and the compressive stress at the crown can
be established. This difficulty has been demonstrated in
the Appendix.

The present analysis treats the circular shell with uniform
stringers as an equivalent cylinder of variable thickness, and
found that there are only two nondimensional parameters
involved in its solution. One is Ag/td and the other is
(t/d)*(E/&,), where &, is the lower bound of the true crown
stress obtained by assuming that the skin is fully effective in
compression and the neutral axis coincides with the diameter
of the cylinder. The true stress is then determined when
these two parameters are given. Curves have been prepared
for quick reference.

Derivations

If the skin of a thin-walled circular cylindrical shell with
equally spaced constant stringers is fully effective under
compressive load, the maximum compressive stress for a pure
bending moment applied to the eylinder is

i / [432 [ 2< i) c0520d0] =
l\’[/l:ﬂ'RZ <t+%‘*>] (1)

where the area of a stringer is averaged on its spacing. Figure
1 shows notations of the idealized stiffened cylinder in which
the upper part is assumed to be in compression under the
bending moment.

The stress represented by Eq. (1), however, is only a lower
bound of the true maximum stress because the discreteness
of the stringers caused the unsupported part of the skin to be
less efficient in compression than the skin which is closer to
the stringers. 1In fact, the usual practice in design is to take
a certain width of the skin as an integral part of the stringer
and neglect the rest. The so-called “effective” width of the

Fig.1 Notations of theideal-
ized section.
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skin can be represented by the following equation®:
W. = 17t(E/o)v? 2)

where o is the local compressive stress within the elastic
limit. The numerical coefficient 1.7 is commonly used in
design rather than the theoretical value, which is 1.9 approxi-
mately.

Assuming that plane sections remain plane in bending, the
stress at any point of coordinate 6 is

o = o, (oSO + h/R) 3
* "1+ /R ’

Since the effective width is, at most, equal to the spacing of
the stringers, there is a portion of the skin just above the
neutral axis for which all of the skin is effective in com-
pression. This angle, named 8 in Fig. 1, is determined in the
following equation:

cosf = (L/e,)(1 + h/R)(1.7t/d)* — h/R (4)

The bending moment on the section can be caleulated as

M 1+ AJ/td (/2) —sin~3(h/R) EAS
SoR% ~ 1+ h/R Uo <c°s¢ R) X

- in~-1(h 2
dp + fo( /e <Cos€ + i) dﬁ] —~

fﬁ (cosh - h/Rl2 0+ L’H [ :l
0 1+h/R Uo(l+h/R
fOB (cobe+ > a9 (5)

Substitution of gs. (4) and (5) into (1), followed by integra-
tion, yiclds

(Y =[5 (e ) (oo + )]
((+ %) e (34 -[2+ (5)]e-

2h . 1. h V2
o sinf8 — 1 sin28 + <c050 -+ ?ﬁ) Jl} (6)

where the quantity J is defined as

3/2
Ji = foﬁ (0030 + %) a6 (7)

and can be reduced to a sum of elliptic integrals. The final

result is

e - () o (3)]-
(o) ()5 (0)
(o 3 o

where
. 1 — cosf\? 2 e
— -1 Y = | —
Y S <1 . h/R> r [(1 + h/R):‘ 9
and

) BT -]
LT

(10a)
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which are elliptic integrals of the second and the first kind,
respectively. Their values are tabulated in various refer-
ences.

Finally, the neutral axis can be determined by taking
moments of the areas of the section about the neutral axis;

foﬂ <%>(Wgt + As)<cos(? + %) 6 +
NG
8 d

After substitution of Eqgs. (1-4) into (11) and integration, one
obtains

1+ Ay/td = (vh/R)~[sin + Bh/R —
(cosB + h/R)V2- o] (12)

(10b)

TN

cosf + %) de = (11)

where
Ty = foﬁ <0080 4 %)1/2 09 =
8
(2)u2 {QE (’Y, %) — <1 — %) F <"Y, %)})O (13)

The two quantities 3, r, and the two elliptic integrals E(,) and
F(,) are defined in Eqgs. (9, 10a, and 10b).

Equations (6) and (12) contain two unknown quantities,
B and A/R, against two nondimensional parameters, A./td
and ({/d)2(}{/a,), which are known when the geometry of
the cylinder and the applied moment are given. A CDC
6600 digital computer was used to solve Egs. (6) and (12)
for a wide range of shell geometry and bending moments.
The results are plotted in Fig. 2, in which A,/id is the ordi-
nate, (t/d)*(E/s,) is the abscissa and curves corresponding
to constant values of ¢,/5,, from 1.1 to 3.0, are drawn.

The accepted design approach assumes that the effective
area of the skin is concentrated at the corresponding stringer
and that the stringers are discrete elements. To compare
the results of the present analysis with that approach, Eqgs.
(A1) and (A2), corresponding to Eqs. (6) and (12), are de-
rived in the Appendix. Table 1 showed the results from
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these two sets of equations as based on an cxample with the
following data input:

R = 127.75 in. t = 0.062 in. M =76 X 10% in.lb
E = 10.5 X 10¢ psi Ag/d = 0.03244 in.
G, = 15,692 psi

It can be seen from Table 1 that, for three differcnt stringer
spacings, the results based on these two methods agree
closely.

Appendix: Eguations for Treating the Effective Skins
as Discretely Connected to the Stringers

If the effective area of the skin is assumed to be concen-
trated at the corresponding stringers which are discrete along
the circumference as in design practice, the bending moment
equation, similar to Eq. (5), can be written as

MQ + a/Ry (x/2) —sin=1(k/R) A%
e =R fo cosp — ) dd +

A (1 - i>2 + 24 [LVV_‘: <cosn¢ - i)il +
s R g 2 R
h 2 . E 1/2
(14 5 [ 120 (£)"] +

Ny 2
2 Z (cosm// + %) [:As + 1.7¢ X
1

n=

E(l + h/R) >1’2]
_— 2(4; + d-¢
<ag(cosn¢ + h/R) + 24 d-) X

N3 L2

n§1 [cos(n + Ny + *R*:l (A1)
where
¥ = angle in radians subtended by one stringer, see Fig. 1
N; = half the number of the stringers on the tension side of

the section, omit the lowest stringer at 0 = =«
= [(m/2) — sin™h/R)] /¢, to the nearest smaller integer
Ny = half the number of the stringers on the compression
side in which the effective width is less than the
spacing, omit the top stringer at 6 = 0

I

B/, to the nearest smaller integer
half the number of stringers for which the effective
width is made to be equal to the spacing; = % X
number of stringers —N; — N, — 1
Equation (4) should be used to relate ¢, with 8 and A/R.
For convenience, the number of stringers has been assumed
to be an even integer in Eq. (Al) and there are stringers at
f = 0 and =, respectively. The equation which defines the
location of the neutral axis, similar to Eq. (11), is

7/2) —sin—1(h/R
QtRZL(/) s )<cos¢—%>d¢+

AR <1 ~ %) + 24,R [ i‘ <cosnl// - %)] -
=

b /
Lo (B o (s 4) -
T, R

3 13 s B+ I/R) N
2 nz=:1 <Cosn¢ + R)[AS + L Uu(cosmp+h/R)> :l -

2R(A; + d-t) % I:cos(n + Noy¢ + —%:l =0 (A2)

n=1

=
i

From Egs. (Al) and (A2), the same problem can be solved
provided the number of stringers is given. That the solu-
tion in this approach contains one more parameter than the
present analysis can be seen by dividing Egs. (A1) and (A2)
by t-d. The resulting equations have three parameters,
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Table 1 Numerical comparison 0.6 ,‘ T T -
* PPG |
d, in. 9.55567  6.37045  3.82227 L WT ‘ ] !
0.4 fmrm | e e b
A./td caleulated 0.523240 0.523249 0.523249 . }
(t/d)*(E/5,) caleulated 0.028168 0.063378 0.176051 i | ‘
Stress ratio: 0z - —L- L } ,,,,,,, -
Based on Eqs. (6) and (12) 1.7742 1.5230 1.1672 ’ | J 4 ‘
Based on igs. (Al) and (A2) 1.7895 1.5353 1.1693 ‘ [ | 4% \
Ratio of results based on these Ot —t— 1 — B R - -
two methods 0.9915 0.9920 0.9982 ., | ‘ -
P 2 ‘
02 B O o |
|
Ag/td, (t/d)*(E/5.), and R/d. The last one is the number of » L 3He o \
stringers divided by 2. 04 } ~ SR R
| ! ! i
o
Reference i i ! !
06 : P A
Lyvon Kdrmdn, T., Sechler, E. E., and Donnell, L. H., “The \ | |
Strength of Thin Plates in Compression,” Transactions of the y | ‘ J ‘
American Sociely of Engineering, Vol. 54, 1932, p. 53. o8 5 o< P E— v o os oa o6

“Power Law’’ Profiles in Thermally
Stratified Shear Flows

Hsive CrUuanGg*
University of Lowisville, Lousville, Ky.
AND
Jack E. CERMAKT
Colorado State Unaversity, Fort Collins, Colo.

Nomeneclature
¢, = Specific heat of air at constant pressure, cal/°C/gm
g = gravitational acceleration, cm/sec?
H = heat flux in the vertical direction, cal/em?/sec
k = von Kdrmédn constant
K, = eddy thermal diffusivity, em?/sec
K, = eddy viscosity, cm?/sec
L = Monin-Obukhov length secale, L’ = (K,/K,)L =
(Tus/gk)(QU J0z)/ (0T /dz), cm
N = total number of data collected in a profile
I = dimensionless lapse rate, (2/74)(07/0z2)
%) = (g/T)(0T/02)/(dU /02)?, Richardson number
S = dimensionless wind shear, (kz/u+)(0U /0z2)
T = mean absolute temperature, °K
Ty = —H/(eppkus), scaling temperature, °C
Uy = friction velocity, cm/sec
U = local mean velocity, ¢cm/see
z = height, cm
B8, v = arbitrary constants
I = z/L’, dimensionless height
p = density of air, gm/cm?
()i = the variable at height 2,
(' )m = mean value averaged over the profile
() = thevariable at height #, an equivalent roughness height

1. Introduction

HE historically old “power law” has recently been re-
vived by Pandolfo.! His profile has —% power instead
of —3% power profile of {free convection tested by Taylor.?
He claimed that —% power law described the observed wind
profiles quite accurately and that his model was more accurate
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Fig. 1 Power law profile of the mean wind velocity.

to describe the wind profiles than Taylor’s free convection
model? or Swinbank’s exponential model.? Pandolfo also
compared his profile with KEYPS profile,* and concluded that
these two models were comparable to each other pertaining to
their accuracy of wind profiles description.

The mean velocity distribution in a neutral turbulent
boundary layer is approximately given by Eq. (15) of Ref. 5
or Eq. (10) of Ref. 6. However, it is doubtful that the mean
velocity distribution in thermally stratified shear flows will
assume the same functional dependence on the height z as
the neutral flow does. The power law model can indeed
describe accurately the velocity profiles in thermally strati-
fied shear flows. However, it is important to point out that
the power should not be constant in all ranges of thermal
stability, but rather dependent on the thermal stability as
shown by Deacon” and should approach —2 profile as the
flowfield approaches a free convection. The power profile is
examined in this paper to show that this is the case for both
laboratory and field data. Similarity between wind and
temperature profiles is also studied.

2. Basic Equations

If the dimensionless wind shear and lapse rate are assumed
to be proportional to {», then the mean wind velocity and the
mean temperature will take the following forms:

Uz) — Un(ze) = (Bus/kn)({» — §ov) ey

and

T(e) ~ Tolzo) = (YTs/n)(C™ — §ov) 2)

The power n in the preceding equations should depend largely
on the thermal stability of the flowfield. When data points
are closely spaced and the respective velocity and tempera-
ture gradients in the vertical direction can be approximated
by using finite difference techniques, the power n can be de-
termined by the following equations:

Ui — Us Zim -t 2 Bux
il T Ve _ 1
In ton — 2 n—1)In 2 + In WL 3)
and
Ti+1 - T; _ _ 2ip1 + 2 ’YT*
lrl——zi_H . n—1) ln————2 + In T, 4)

where ¢ varies from 1 to N — 1. If similarity between the
velocity and the temperature profiles does not exist, then n
will assume 7, and 7, in the preceding equations, respectively.



